Note on the Ladas' paper on oscillation and asymptotic behavior of solutions of differential equations with retarded argument  by Marušiak, Pavol
JOURNAL OF DIFFERENTIAL EQUATIONS 13, 150-156 (1973) 
Note on the Ladas’ Paper on oscillation and 
Asymptotic Behavior of Solutions of 
Differential Equations with Retarded Argument 
PAVOL MAR&AK 
Department of Mathematics, Transport College, .&l&za, Czechoslovakia 
Received April 3, 1972 
This paper consists of three theorems. The first theorem gives the asymptotic 
behavior of solutions of the nonlinear delay differential equation. The other 
theorems give sufficient conditions for oscillatory solutions of variants of that 
equation. 
1. INTRODUCTION 
This paper is concerned with the asymptotic and oscillation behavior of 
solutions of the nonlinear differential equation with retarded argument 
Y’W + f(4 Y(f), YC&)l,..., y(la-V), Y’n-Z’km = Jz(f), (1.1) 
where 
fE C[[O, co> x R2n-2, A], 0.2) 
h E CW, a), RI, (1.3) 
g E C[[O, co), R]; g(f) < li, t 2 0; limkmg(t) = co. (1.4) 
We shall assume that under the initial conditions 
Equation (1.1) has a solution which exists for all t > to > 0. 
A solutiony(t) of Eq. (1.1) will be called oscillatory if the set of zeros ofy(t) 
is not bounded from the right. A solution y(t) of Eq. (1.1) will be called 
nonoscillatoly if it is eventually of constant sign. We consider only such 
solutions that are not trivial for all sufficiently large t. 
In Section 2 we prove a theorem on the asymptotic behavior of solutions 
of Eq. (I. I), which is generalization of the Theorem 2.1 in [3J. 
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In Section 3 we prove oscillation theorems for solutions of variants of 
Eq. (1.1). 
2. ASYMPTOTIC BEHAVIOR 
Recently, Ladas [3] investigated the asymptotic behavior of solutions of 
the differential equation 
Wis basic result says that, under appropriate conditions for the function f ,  
Eq. (2.1) has solutions which approach those of y(“)(t) = 0 as t -+ co. 
Here we shall give an extension of [3, Theorem 2.11 for Eq. (1.1). 
THEOREM 2.1. Let the functions f, h, and g satisfy the conditions (1.2), (1.3), 
(1.4), and in addition suppose 
If (4 Y, %-*, y(n-2), d”-2))1 < f P&) j y(f- / + g(t) 1 .%(“A) I, 
i=2 
y(n-i,, XW-i) E R (i = 2, 3 ,...) n), t 3 0, @?I 
where Pi(t) and Qi(t) (i = 2, 3,..., n) are nonnegative continuous functions 
such that 
s m (ti-lpi(t) + [g(t)]“-Q(t)> dt < co (i = 2, 3,..., n) (2.3) 
and 
I m j h(t)\ dt < 00. (2.3’) 
Then Eq. (1.1) has solutions which are asymptotic ta atn-l (a # 0) as t -+ ox 
Proof. Choose t,; to > 1, so Iarge that g(t) >, 0 for all t > to . By 
integrating Eq. (1 .l) k times (k is a fixed number from (1,2,..., rz>) from t0 
to t, we obtain 
y’“-“‘(t) = cg + c,t + *.- + C&#-l + s t tt - ‘)‘-l h($ & t, @ - I)! 
- s In (&--:&l f(s) Y(S), ykt41,..., Y+~)(s), y’“-2’[g(sll) ds. 
(2.4) 
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From .this and in view of (2.2) we get, for t > to , 
IY’“-“wl d t”-l [Ak + *g j: -P&) I Yc”-iys) I + Qi(S) I y’“-Qo)J I> ds], 
(2.5) 
where A, is a positive constant. 
Define the function 
F,(t) = A, + 2 j” V’,(s) I Y’“-~‘($ + Qib) I r’““‘[&)l I> h. 
i=2 to 
Then 
Gw 
1 y’“-“‘(t)/ ,< t”-lFk(t), t 3 to. (2.7) 
Choose a t, 2 t,, so large that g(t) > to for t >, t, . Then from (2.7) and the 
monotone character of Fk(Fk’ > 0) we get j 
I P-“‘Mt)ll < iNl”-lFdt> 7 t 3 t1. cw 
If we put (2.7) and (2.8) in (2.6), we obtain 
F,(t) < A, + 2 j” W”p,(s> + [&)l”“Qi(4Fi(~) ds k E{l, 2 ,*.., n}. 
2x2 t, 
Summing up the last inequalities from k = 1 to k = n we get 
G i 4 + n jl, f2 {@-lo&) + [g(s)]““Qi(s)) i Fi(s) ds. (2.9) 
k=l i=l 
Then from (2.9), and using Gronwall’s inequality and (2.3), 
zl Fdt) G k$l f&c exP n j: ,$ {s”“p&) + [g(s)]“-lQ&)} ds < K < co 
follows. 
The inequalities (2.7), (2.8) now become 
1 y(*-k)(t)1 < KP-1, t > tl (k = 1, 2 ,..., n), (2.7’) 
I Y’“-“‘!kwll G J‘wt)lk-l, t > t, (k = 1,2 ,..., n). (2.8’) 
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Integrating Eq. (1.1) from t, to t we get 
y@yt) = y’*-l’(t,) + /II h(s) ds 
- I’ ;,f(s> Y(S), YkWl,..*, Y(lz-2w, Y’n-2’rg(m @k (2.W 
Using (2.2), (2.3), (2.3’), (2.7’), (2.8’), the integrals in (3.10) converge as 
t -+ og and therefore a finite lim,,,y(S-l)(t) exists. 
Choose t, so large that 
1 - irn 1 h(s)1 ds - K Sm i {s”-Fi(s) + [g(s)]“-iQi(s)} ds > 0 
t, tl i=2 
and with such a solution that y(+l)(t,) = 1, then this solution y(t) has the 
given asymptotic property. 
3. OSCILLATION THEOREMS 
Here we shall study the oscillatory properties of the differential equations 
and 
Y(V) + P(W(Y@), YMW., Y(n-2w, Y’“-%(~ll) = 0, 
which are special forms of Eq. (1.1). 
(3.2) 
Oscillatory properties of certain nonlinear deltiy equations have been 
studied by Burkowski [l], Gollwitzer [2], Ladas [3], and Waltman [4]. 
Remark. Let a number a E [O, co) exist such that a function h(t) is 
increasing [decreasing] in the interval [a, co) and lim h(t) = k as t -+ CD; 
then we denote h(t) t k[h(t) $ k]. 
THEXJREM 3.1. Let the functions f, g satisfy the conditions (1.2) (1.4) and 
in addition suppose that 
(i) f (t, y, x) increases in both y and x; 
(ii) if y and x have the same sign, then f (t, y, x) has that s&n for aEE 
su$iciently large t; 
(iii) for any constant c # 0 and any i E (2, 3,..., nj 
s 
m 
s~-~~(s, CS~-~, c[g(s)]“-i) ds = zfi- co. (3.3) 
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Then (a) for n even, all solutions of Eq. (3.1) are oscillatory, (b) fm n odd, 
all solutions of Eq. (3.1) are either oscillatory, or (- l)*++ly(+k)(t) $0, OT 
(- l)“y’“-“‘(t) J 0 (k = 1, 2 ,...) n). 
Proof. Let y(t) be a solution of Eq. (3.1), which exists on [t,, , co). If y(t) 
is nonoscillatory, then it is a fixed sign for t > t, > t,, . Assume that y(t) > 0 
for t > tl . The case y(t) < 0 is treated similarly. Since g(t) + CO as t -+ co 
there exists a t, > t, such thaty[g(t)J > 0 andg(t) > 1 fort 3 tz . Therefore 
y(“)(t) < 0 for t > tz . Then y(+l)(t) is the strictly decreasing function and 
y(+l)(t) > 2L > 0 for t > tz . Let us suppose that L > 0 and y+l)(t) 4 2L. 
Then there exists such a number t3 > tz , that 
y(t) > Li?l for t > t3, (3.4) 
Yiml b LMW1 for t > ts . (3.5) 
Integrating (3.1) from t3 to t and using (3.4), (3.9, (i), (ii) and (3.3), we get 
P-(t) = y’“-V,) - I :f 6, y(s), yk(s)l) ds 
< y’“-“(t,) - s: f (s, Ls”-l, L[g(s)]“-l) ds -+ -m 
as t + co. That is a contradiction with y(“-l)(t) $2L > 0. Hence y(+l)(t) J 0. 
By mathematical induction we shall prove that 
(-l)“+ry’“-“‘(t) 4 0 (k = 1,2 )..., n - 1). (3.6) 
The case, k = 1, y(+l)(t) 4 0 has already been proved. 
Let us suppose that 
y(+l)(t) 4 0, y(@)(t) t o,..., (-l)iy(+i+l)(t) $0 
hold for some i E (2, 3,..., n - l}. We are going to prove that 
(- l)i+ly(*-i)(t) 4 0. 
(3.7) 
(3-g) 
Let us assume that lim,,, y’n-i)(t) = 0 is not true. If (-l>iy(“-“+l)(t) J 0, 
then (- l)iy(n-i)(t) is the strictly increasing function for sufficiently large t. 
Then there exists such a number K > 0 and a t4 3 ta , that for t > ts either 
(- l)iycnVi)(t) > 2K or (- 1)5(+“)(t) < -2K. From the last two inequalities, 
in view of y[g(t)] > 0 for t 3 tz , y(n-Q(t) > 2K for t 2 ta follows. Then 
there exists a t, > t4 that 
y(t) > Kt”+, t > ts , (3.4’) 
N.&)l 2 KMW-“3 t 2 t,. (3.5’) 
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Multiplying both sides of Eq. (3.1) by P2 and integrating from ts to t, 
we obtain 
s 
t 
s~-~~(~)(s) ds + 
t5 s 
1, si-2f(s, y(s), y[g(s)]) ds = 0. 
Successive integration by parts of the first integral in (3.9) gives 
WB) = F,(t) + J”15 ?f(s, Y(S), Yk(41) & 
where 
(3.9) 
(3.10) 
F,(t) = ti-2yc”-l,(t) - (; - 2) p-zyw-2)(t) + ..+ +. (-l)i(i - 2)!y”“-i+l’(t) 
which, in view of (3.7), is positive. 
From (3.10), with regard to (i), (ii), (3.4’), (3.5’), and (3.3), we obtain 
F&J 2 11, s-f(s, KS”-i, K[g(s)y) ii% 4 00 ast+CD, 
which gives a contradiction. Therefore limt+coy(n-i)(t) = 0. Then, in view 
of (-l)iy(*-i+l)(t) 4 0, (-l)i+ly(++)(t) J, 0 is valid. The proof of (3.6) is 
complete. 
From (3.6) it follows that for n an odd number either y(t) 4 0, which 
proves (b), ory(t) 4 Ma > 0. If n is even y(t) t Ml > 0 because in this case 
j(t) > 0. So we assume that 
rkW1 b M > 0, t z tfj (3.11) 
for n even or odd and we shall prove a contradiction. 
If we multiply Eq. (3.1) by P2 and integrate by parts the first integral from 
t, to t, we get 
in = F&J + [” ~“-~f(s, Y(S), ok ds, (3.12) 
* 25 
where 
F,(t) = t~-y~-l)(t) - (n - 2) P-33,-)(t) + ..” + (-l)h(n - 2)!j(t), 
which, in view of (3.6), is positive. 
From (3.12), with regard to (i), (ii), (3.11), and (3.3) we obtain 
sn-2f (s, M, M) ds -+ co as t -+ co, 
which is impossible. This completes the proof of the theorem. 
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Consider the equation 
Y’2n’@) + P(t>Y”rml = 0, (3.13) 
where p(t) > 0, lim,,,g(t) = co, OL is the ratio of odd integers with 
O<a,<l. 
COROLLARY. i-f 
s 
m Pmal l&+-l) & = 00, 
then all solutions of Eq. (3.13) are oscillatory. 
Finally we shall prove an oscillation theorem for bounded solutions of 
Eq. (3.2), where 
P E cm 031, (0, ~)I, F E C[R2n-4, R]. (3.14) 
The following theorem is a generalization of Ladas’s Theorem 4.1 in [3]. 
THEOREM 3.2. Let the functions p, F, and g satisfy conditions (3.14) and 
(1.4); in addition, suppose that 
(i) if y  and x have the same sign, thenF(y, x, yI , z, ,..., yme2 , zne2) has 
that sign for all su.ciently large t; 
(ii) 
s 
m 
W@(t) dt = 03. 
Then, (a) for n even, all bounded solutions of Eq. (3.2) are oscillatory, (b) for n 
odd, all bounded solutions of Eq. (3.2) are either oscillatory or (-l)k+ly(n-k)(t) 4 0, 
or (-l)“y’“-“‘(t) 4 0 (h = 1, 2 ,..., n). 
Proof. The proof of Theorem 3.2 is very similar to the proof of Theorem 
4.1 in [3] and we omit it here. 
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